Abstract. A quasi-Keplerian parameterisation for the solutions of second post-Newtonian (PN) accurate equations of motion for spinning compact binaries is obtained including leading order spin-spin and nextto-leading order spin-orbit interactions. Rotational deformation of the compact objects is incorporated. For arbitrary mass ratios the spin orientations are taken to be parallel or anti-parallel to the orbital angular momentum vector. The emitted gravitational wave forms are given in analytic form up to 2PN point particle, 1.5PN spin-orbit and 1PN spin-spin contributions, whereby the spins are assumed to be of 0PN order.
Introduction
Inspiralling and merging neutron star (NS) and/or black hole (BH) binaries are promising sources for continuous gravitational waves (GW). Ground-based laser interferometers as e.g. LIGO, VIRGO, and GEO are already searching for those astrophysical sources [1] . For a successful search with the help of matched filtering of the emitted GW signals, one needs a detailed knowledge of the orbital dynamics. Spin effects of higher order were discussed in [2, 3, 4, 5, 6] for the inspiral of compact binaries were the orbits were assumed to be quasi-circular. A recent publication [7] gave a numerical insight into the evolution of binary systems having spins that are parallel to the orbital angular momentum and evolving in quasi-circular orbits.
Because there are many physical degrees of freedom involved, it is computationally desirable to have an analytical description, especially for interferometers working in the early inspiral phase, where numerical relativity currently fails to produce hundreds of orbital cycles. For non-spinning compact binaries, the post-Newtonian (PN) expansion in the near-zone has been carried out through 3.5PN order [8] and 3.5PN accurate inspiral templates have been established for circular orbits [9, 10] . For numerical performances of these templates see [11, 12] . Observations lead to the assumption that many astrophysical objects carry a non-negligible spin, such that the effect of spin angular momentum cannot be ignored for detailed data analysis. The problem of spins in General Relativity (GR) was first discussed in [13, 14, 15] and considerable further developments were made in the 1970s [16, 17, 18, 19] , and in recent years as well. Apostolatos [20] showed in his analysis of simple precession for "circular" orbits and spinning self-gravitating sources that the form of the GW signal is affected. The amount of the energy radiated by the binary system with spin has been determined by [21] .
Therefore, we want to implement recent breakthroughs in dynamical relativity of spinning compact binaries into a useful prescription for data analysis applications. Our aim is to connect the following items.
(i) The "standard" procedure to compute the evolution of eccentric orbits from the Hamilton equations of motion (EOM). For eccentric orbits, but neglecting spin effects, Damour and Deruelle [22] presented a phasing at 1PN employing conchoidal transformations to reduce the structure for the radial motion. Later publications [23, 24, 25] used Hamilton EOM instead of Lagrange ones and employed a more general scheme for a solution to conservative 3PN dynamics without spin.
(ii) The 2PN point particle (PP), next-to-leading order spin-orbit (NLO-SO) and leading-order spin(1)-spin(2) (LO-S 1 S 2 ) and spin(1)-spin(1) (LO-S 2 ) interaction contributions.
As a starting point, we assume (anti-) aligned spin and orbital angular momentum vectors for an estimation of the effects. It is interesting to analyse this matter system configuration because numerical results of a recent publication indicate that maximum equal-spins aligned with the orbital angular momentum lead to observable volume of up to ∼ 30 times larger than the corresponding binaries with the spins anti-aligned to the orbital angular momentum [26] . From Figure 10 in [26] , one can also find an observable volume of those binaries up to ∼ 8 times larger compared to non-spinning binaries. These authors conclude that those systems are among the most efficient GW sources in the universe. In another recent publication [27] it can be found that in gas-rich environments the spins of two black holes can align with the larger scale accretion disc on a timescale that is short as 1% of the accretion time. Due to the model of those authors, having two black holes interacting independently with an accretion disc, their spins tend to be aligned with each other and with the orbital angular momentum more or less depending on the model parameters. We work only with the conservative Hamiltonian for the time being, and restrict our attention to terms up to 2.5PN order overall, assuming maximally spinning holes. This means neglecting both the well-known 3PN PP contributions, and the NLO-S 1 S 2 [28] , as well as the NLO-S 2 contributions, which have recently been derived for general compact binaries [29] . This latter publication came out at a late stage in our calculations, but it should be a straightforward task to include these terms in a future publication.
If the objects are slowly rotating, the considered leading-order spin-squared contributions are shifted to 3PN order and, for consistency, the 3PN PP Hamiltonian has to be included. The 3PN PP contributions to the orbital elements are available in the literature [25] and simply have to be added to what we are going to present in this paper. Anyway, this work is consistently worked out to all terms up to 2.5PN, having maximal rotation or not and will list all results in the spins which are counted of 0PN order.
The paper is organised as follows: Section 2 summarises and discusses the Hamiltonian terms we want to include in our prescription. Section 3 investigates the conservation of initial spin and orbital angular momentum alignment conditions. In Section 4, we briefly summarise the Keplerian parameterisation for Newtonian orbital dynamics and outline the generalisation to higher PN accurate dynamics. The solution of the Hamilton EOM is the subject of Section 5. Section 6 summarises all important results of our procedure. In Section 7 we give some formulae for the polarisations of the gravitational waves which are emitted by the system. Calculations were mostly done with Mathematica and xTensor (see [30, 31] and references therein).
Spin and orbital dynamics
In the following sections, the dynamics of spinning compact binaries is investigated, where the SO contributions are restricted to NLO and the S 1 S 2 and S 2 to LO. The PP contributions are cut-off after the 2PN terms. The Hamiltonian associated therewith readŝ
These are sufficient for maximally rotating black holes up to and including 2.5PN. The variablesp a andx a are the linear canonical momentum and position vectors, respectively. They commute with the spin vectorŝ S a , where "a" denotes the particle label, a = 1, 2. H PP is the conservative point-particle ADM Hamiltonian known up to 3PN, see, e.g., [32] and [33] . The LO spin dependent contributions are well-known, see, e.g., [17, 19, 34] . H NLO SO was recently found in [35, 36] and H NLO S1S2 in [36, 28] (the latter was confirmed in [37] ). The leading-order S Hamiltonians were derived in [18] and [38] . Measuring the GW signal, determinantion of constraints of the equation of state of both extended bodies is possible in principle. Hamiltonians of cubic and higher order in spin are given in [39, 40] , and higher PN orders linear in spin are tackled in [41, 42] .
The four-dimensional model behind the Hamiltonians linear in the single spin variables is given by the Mathisson-Papapetrou equations [14, 13] 
and the Tulczyjew stress-energy tensor density [43, 44] 
which can be used as the source of the gravitational field in the Einstein equations (see [45] and references therein for spin-squared corrections in the stress-energy tensor). Here, the four-dimensional coordinate of the a-th object is denoted by x µ a and p aµ is the linear momentum, u µ a the 4-velocity, normalised as u µ u µ = −1, τ the proper time parameter, S µν a the spin tensor, ";" denotes the four-dimensional covariant derivative, and δ (4)a = δ(x − x a ) with normalisation d 4 x δ (4)a = 1. R µ ρβα is the four-dimensional Riemann tensor and D the four-dimensional covariant derivative. In order to close the system of equations, one has to impose a spin supplementary condition (SSC), which is most conveniently taken to be
To linear order in spin, p aµ = m a u aµ , where m a is the mass parameter of the a-th object. Notice that the matter variables appearing in the Mathisson-Papapetrou equations and the stress-energy tensor are related to the canonical variables appearing in the Hamiltonians by rather complicated redefinitions. We are going to the centre of mass (COM) frame, where the total linear momentum vector is zero, i.e. p 2 = −p 1 = −p. The Hamiltonians taken into account depend onx 1 andx 2 only in the combinationŝ x 1 −x 2 , so they can be re-expressed in terms of n 12 = −n 21 =x/r = x/r, the normalised direction from particle 1 to 2, andr = |x 1 −x 2 | withx =x 1 −x 2 .
We will make use of the following scalings to convert quantities with hat to dimensionless ones,
h ≡ rn 12 × p .
Here, m ≡ m 1 + m 2 denotes the total mass and µ ≡ m 1 m 2 /m is the reduced mass. The speed of light is denoted by c and G is Newton's gravitational constant. Explicitly, the contributions to the rescaled version of Equation (1) read
We introduced dimensionless "book-keeping" parameters ǫ to count the formal 1/c order and δ to count the spin order (linear or quadratic). Evaluating all given quantities, those have to be given the numerical value 1. The parameters α so , α s1s2 , α s 2 distinguish the spin-orbit, spin(1)-spin(2) and the spin-squared contributions and can have values 1 or 0, depending on whether the reader likes to incorporate the associated interactions. The spins are denoted by S 1 for object 1 and S 2 for object 2. Notice that the S Hamiltonians depend on constants λ 1 and λ 2 , respectively, which parametrise the quadrupole deformation of the objects 1 and 2 due to the spin and take different values for, e.g., black holes and neutron stars. For black holes, λ a = − The parallelism condition tells us to set the spins to S a = χ a h/h, where −1 < χ a < 1. During our calculations, we insert the condition of maximal rotation (S a ∼ ǫ) to cut off every quantity after 2.5PN, but list our results in formal orders S a ∼ ǫ 0 (for the formal counting, see, e.g., [40] and also Appendix A of [42] ). ‡ Note that the definition of the λa depends on the definition of the spin Hamiltonian and, thus, can be arbitrarily normalised. We consistently use the notation mentioned above.
However, for S a ∼ ǫ 2 , many spin contributions are of the order O(ǫ 6 ), i.e. 3PN which is beyond our present 2PN PP dynamics. The reader may insert either S a ∼ ǫ (maximal rotation) or S a ∼ ǫ 2 (slow rotation). The next step is to evaluate the EOM due to these Hamiltonians and to find a parametric solution. As stated, we will restrict ourselves to parallel or anti-parallel angular momenta and will, finally, only have to take care of the motion in the orbital plane.
3. Conservation of parallelism of h and S 1 and S 2
The motion of binaries with arbitrarily-oriented spins is, in general, chaotic as soon as the spin-spin interaction is included [47, 48] . For special configurations, despite this, it is possible to integrate the EOM analytically, which particularly is the case for aligned spins and orbital angular momentum.
The time derivatives of the spins S a and the total angular momentum J are governed by the Poisson brackets with the total Hamiltonian, given by
Furthermore, the magnitudes of the spins are conserved, because the spins commute with the linear momentum and the position vector and fulfill the canonical angular momentum algebra. Note that the operation (1 ↔ 2) switches the label indices of the individual particles and goes along with n 12 ↔ n 21 = −n 12 . Equation (20) is not displayed completely here like Equation (18) . If we assume parallel spins and orbital angular momentum at t = 0, all the above Poisson brackets vanish exactly. Anyway, this is insufficient to conclude the conservation of parallelism of h and the spins for all times t > 0 since
where
Because the system of variables S 1 and S 2 has to be completed with r and p to characterise the matter system, one has to give clear information about the full system of EOM. It is important that, even with vanishing Poisson brackets of H with S 1 and S 2 , r and p do change due to the orbital revolution. Thus, one has to clarify if this non-stationary subsystem of the EOM is able to cause violation of the parallelism condition during time evolution. From the stability theory of autonomous ordinary differential equations it is well known that there is a fixed point if all time derivatives of the system vanish. In the case of a system starting at such a fixed point at t = 0 it will not be able to evolve away from this point. The discussion of these issues is the main point in the following two subsections.
Discussion via conservation of constraints
One way to show the non-violation of the initial constraint of h S 1 , S 2 due to the motion of the binary is to argue via the time derivatives of the constraints. These should be written as a linear combination of the constraints themselves. Let
be the initial constraints of the system. Dirac [49, p. 36] argued: If one can writė
for the time derivatives of the constraints, the constraints are conserved. That is due to the fact that every time derivative of Equation (24) generates only new time derivatives of the constraints on the one hand, which can be expressed as a linear combination of constraints, or time derivatives of the quantities appearing in D ab times the constraints on the other. In our case the constraints read
withχ 1 andχ 2 denoting the ratios of the spin lengths and the orbital angular momentum. In general, the quantitiesχ a have non-vanishing time derivatives,
Due to the conservation of the total angular momentum J, the derivatives of (25) and (26) can be expressed via
where the tensor product 1/h 2 h ⊗ h is the projector onto the h direction. Note that the constraint equations only depend on the spin derivatives in linear manner. Hence, it is sufficient to analyse the structure of Equation (18),
The coefficients D k (k = 1, . . . , 4) are all scalar functions of the linear momentum p, the separation r and other intrinsic quantities. We are allowed to add vanishing terms to Equation (29), namely
As well, we can add a term to the D 2 coefficient and subtract it at the end, getting
Finally, we can insert a vanishing term into the modified last one:
We still need to compute the time derivative of S 2 to obtain the full derivative of the constraints. Therefore, let E k be the scalar coefficients in dS 2 /dt (equivalent to the D k in (32)). Using this, we can rewrite it as
Thus, the complete time derivative of e.g. the S 1 constraint (28) is given by
In each of the summands of E k and D k in the above equation, one can factor out the constraints linearly. Thus, they do vanish if the constraints are inserted.
Discussion via symmetry arguments
To underline the results of subsection 3.1 we want to show that the multi Poisson brackets (22) all vanish if we demand the parallelism of h and the spins, as a complement to the constraint evolution analysis. During the calculation of the expressions, we truncated the terms to quadratic order in spin and to 2.5PN order, counting the spin maximally rotating. There is a finite set of terms which are axial vectors and linear or quadratic in spin. Additionally, the spin has to appear in a vector product. The reason is that the spins commute with the PP Hamiltonians, and Poisson brackets of spins with spin Hamiltonians will give cross products of spins with angular momentum h or S 1 , S 2 , respectively. In the Hamiltonians, there are only scalar products of spins with other vectors or with the spins themselves, so that the ǫ ijk are still remaining after evaluation of the Poisson brackets. The products with the correct symmetry and linear and quadratic in spin are of the form
where A stands for axial vectors, P for polar vectors, S for scalars and P S for pseudo scalars. The vector A can be h, S 1 , S 2 which are axial vectors and P can be n 12 , p which are polar vectors. Now we enumerate all spin products that emerge when we compute the first multi Poisson brackets, omitting scalar factors like e.g. functions of r and η:
Additionally, terms coming from Poisson brackets of S 2 with H appear and can be computed from above with the operation (1 ↔ 2). Evaluation of higher multi Poisson brackets will not create new terms, but only increase the number of already known factors in the products. These terms vanish identically if we consider the parallelism between h and the spins because of (h · n 12 ) = 0 and (h · p) = 0, by construction. Due to the vanishing Poisson bracket of J = h + S 1 + S 2 with the Hamiltonian H (this is true even without demanding the parallelism), the disappearance of all multi Poisson brackets of S 1 and S 2 with H turns out to be sufficient to conclude the constancy of h if the motion starts with h S 1 , S 2 .
Kepler Parameterisation
In Newtonian dynamics the Keplerian parameterisation of a compact binary is a well-known tool for celestial mechanics, see e.g. [50] . After going to spherical coordinates in the COM, (r, θ, φ) with the associated orthonormal vectors (e r , e θ , e φ ) and restricting to the θ = π/2 plane, the Keplerian parameterisation has the following form:
Here, a is the semimajor axis, e is the numerical eccentricity, u and v are eccentric and true anomaly, respectively. The time dependency of r and φ is given by the Kepler equation,
where ℓ is the mean anomaly and n the so-called mean motion, defined as n ≡ 2 π P with P as the orbital period [51] . In these formulae t 0 and φ 0 are some initial instant and the associated initial phase. In terms of the conserved quantities E, which is the scaled energy (see Equation (6)) and numerically identical to H, and the orbital angular momentum h, the orbital elements e, a and n satisfy
For higher PN accurate EOM it is possible to get a solution in a perturbative way, having the inverse speed of light as the perturbation parameter. The 1PN accurate Keplerian like (from now on we refer to quasiKeplerian) parameterisation was first found in [22] and extended for non-spinning compact binaries in [23, 25] to 2PN and finally 3PN accuracy.
In the recent past a number of efforts has been undertaken to obtain a solution to the problem of spinning compact binaries via calculating the EOM for spin-related angular variables in harmonic gauge. For circular orbits, including radiation reaction (RR), the authors of [52] evaluated several contributions to the frequency evolution and the number of accumulated GW cycles up to 2PN, such as from the spin, mass quadrupole and the magnetic dipole moment parts. The gravitational wave form amplitudes as functions of separations and velocities up to and including 1.5PN PP and 1.5PN SO corrections are given in [53] , discussed for the extreme mass ratio limit in the Lense-Thirring approximation and later in [54] and [55] for comparable mass binaries. Recently, in [56] a set of independent variables and their EOM, characterising the angular momenta, has been provided.
For circular orbits with arbitrary spin orientations and leading-order spin-orbit interactions, the spin and orbital solutions for slightly differing masses were given in [57] . Including LO contributions of S 2 , S 1 S 2 and SO as well as the Newtonian and 1PN contributions to the EOM, a certain time-averaged orbital parameterisation was found in [58] , for a time scale where the spin orientations are almost constant, but arbitrary and the radial motion has been determined. Symbolically, those solutions suggest the following form for the quasi-Keplerian parametrisation including spin interactions:
The coefficients F ... , G ... are PN functions of E, h and η. At the end of the calculation for binary dynamics with spin, they will obviously include spin dependencies as well.
In case RR is included, the orbital elements are not longer to be regarded as constants. Damour, Gopakumar and Iyer published equations of motion for these elements for the case that the RR is a small effect and the time derivatives due to RR will not contribute to the GW expressions explicitly [59, 60] . Spin effects of RR in eccentric orbits were discussed in [61] and references therein.
The quasi-Keplerian parameterisation for aligned spinning compact binaries
Having proven constancy in time of the directions of angular momenta, we can adopt the choice of spherical coordinates with h e θ (in the θ = π/2 plane) and the basis (n 12 = e r , e φ ). Hamilton's equations of motion dictateṙ
withṙ = dr/dt andφ = dφ/dt, as usual. The next standard step is to introduce s ≡ 1/r, such thaṫ r = −ṡ/s 2 . Using Equations (49) and (50), we obtain a relation forṙ 2 and thusṡ 2 and another one foṙ φ/ṡ = dφ/ds, where the polynomial ofṡ 2 is of third degree in s. To obtain a PN accurate parameterisation, we first concentrate on the radial part and search for the two nonzero roots ofṡ 2 = 0, namely s + and s − . The results, to Newtonian order, are
s − representing perihelion and s + as the apastron. Next, we factoriseṡ 2 with these roots and obtain the following two integrals for the elapsed time t and the total radial period P ,
which is a linear combination of integrals of the type
The time elapsed from s to s + ,
is a linear combination of integrals of the type
Both integrals I n and I ′ n are given in Appendix A in terms of s + and s − for I ′ and in terms of a r , e r , u and v for I, respectively. The function P 3 (s) is a third order polynomial in s and the factor 2 follows from the fact that from s − to s + it is only a half revolution. With the help of the quasi-Keplerian parameterisation r = a r (1 − e r cos u) ,
where a r and e r are some PN accurate semi-major axis and radial eccentricity, respectively, satisfying
due to (51) and (52), we obtain a PN accurate expression for a r and e r in terms of several intrinsic quantities. With Equation (55), we get a temporary expression for the Kepler Equation, as we express n (t − t 0 ) = 2 π P (t − t 0 ) in terms of u, and as standard, we introduce an auxiliary variablẽ
At this stage, we temporarily have
withF ... as some PN accurate functions of E, h, η, λ a and χ a . These functions are only temporarily needed and lengthy, so we will not provide them. Let us now move on to the angular part. As for the time variable, we factorise the polynomial of dφ/ds with the two roots s − and s + and obtain the elapsed phase at s and the total phase Φ from s − to s + .
Using Equation (62) and Equation (63), the elapsed phase scaled by the total phase 2 π
For the following, we change from the auxiliary variableṽ to the true anomaly
due to Equation (48) with
differing from the radial eccentricity by some PN corrections c 1 and c 2 . These corrections are fixed in such a way that the sin v contribution in 2π Φ (φ − φ 0 ) vanishes at each order and the lowest formal correction to the phase is shifted to 2PN. Therefore, we eliminate u in Equation (60) with the help of (65) and insert the result into (64) . Requiring the sin v term to vanish yields where c 1 and c 2 are at most quadratic functions in δ and depend on the intrinsic quantities of the system. After determining e φ , Equation (62) takes the form
With the help of v, we can re-express the temporary Kepler equation (61) in the form of
Here, e t is the time eccentricity and simply represents the sum of all terms with the factor sin u in ℓ. All the orbital quantities will be detailed in the next section.
Summarising the results
We present all the orbital elements a r , e r , e t , e φ , n and the functions F ... and G ... of the quasi-Keplerian parameterisation r = a r (1 − e r cos u) ,
in the following list. For δ = 0 (remember that δ counts the spin order) one recovers the results from, e.g. [23] .
For the case that one chooses e t instead of the other eccentricities as the intrinsic parameter to be searched for in the data analysis investigations, we give the ratios of the other eccentricities with respect to e t :
e r e t = 1 + ǫ
e φ e t = 1 + ǫ 2 −2(η − 4)|E|
Gravitational wave forms
The final form of the GW model consists of two ingredients. The first one is the expression for the far-zone radiation field, which will naturally depend on general kinematic quantities describing the binary system. The explicit time evolution of these kinematical quantities represents the second one.
In the first part of this section, we will compute the GW amplitudes h × and h + . We will require the associated corrections to the desired order, which are available in the literature in harmonic coordinates, see below for references. As well, we will use coordinate transformations from ADM to harmonic coordinates to be able to apply the time evolution of the orbital elements in the previous sections, which we have computed in ADM coordinates only.
In the second part, we will provide the latter quantities as implicit functions of time.
PN expansion of the gravitational radiation amplitudes
The transverse-traceless (TT) projection of the radiation field and thus h × and h + , the two polarisations, strongly depend on the observer's position relative to the source. To obtain h × and h + , it is necessary to give position relations of the orbital plane to the direction where the detector is situated. An observerdependent coordinate system will be helpful to give the time domain waveform expressions in terms of the radial separation, orbital angular velocity and the spins. We start the calculation by defining the unit line-of-sight-vector N as pointing from the source to the observer. Now, let the unit vectors p and q span the plane of the sky for the observer and complete the orthonormal basis (p, q, N), p × q = N and cyclic.
Additionally, let us define an invariant reference coordinate system (e x , e y , e z ). Both coordinate systems can be coupled by a special orthogonal matrix. We follow [57] and construct the triad (p, q, N) by a rotation around the vector e x with some constant inclination angle
(87) Figure 1 shows shows a representation of what has been done. We clearly see that the vector p coincides with e x §. Next, we express the radial separation r in the orbital plane (e x , e y ) and perform the rotation Equation (87) to move to the observer's triad and calculate r and v, r = r (p cos φ + q cos i 0 sin φ + N sin i 0 sin φ) ,
v = p ṙ cos φ − rφ sin φ + q rφ cos i 0 cos φ +ṙ cos i 0 sin φ + N rφ sin i 0 cos φ +ṙ sin i 0 sin φ .
This provides the orbital contributions to the field. To compute the spin contributions to the radiation field, we also expand the spins in the orbital triad,
We also need to know how h × and h + are extracted from the TT part. This is done via following projections:
where P TTij kl is the usual TT projector onto the line-of-sight vector N,
and we define
which are unaffected by the TT projection operator. § In reference [57] the caption for Figure 2 should be made precise. The plane of the sky meets the orbital plane at ex for Υ = 0 only. Generally, at ex = p the plane of the sky meets the invariable plane. p l a n e o f s k y Figure 1 . The geometry of the binary. We have added the observer related frame (p, q, N) (in dashed and dotted lines) with N as the line-of-sight vector. N points from the origin of the invariable frame (ex, ey, ez) to the observer. Note that the orbital angular momentum h lies on the ez axis and so do the spins. N is chosen to lie in the ey-ez-plane, and measures a constant angle i 0 (associated with the rotation around ex) from ez, such that p = ex, and this is the line where the orbital plane meets the plane of the sky. The angle i 0 is also found between the vector q, itself positioned in (ey, ez), too, and ey.
The above expressions, Equation (86)-(96), enable us to compute all the considered contributions to the radiation field polarisations. Following [62] and [63] , we list the lowest order contributions to the gravitational waveform in harmonic coordinates. These are the PP contributions to 2PN, including the NLO-SO and LO-S 1 S 2 terms. We also add the terms emerging from the gauge transformation from ADM to harmonic coordinates,
Those terms in the last line of the above equation, labeled "g", denote corrections coming from the gauge transformation from ADM to harmonic coordinates to the desired order [35, 64] . Appendix B gives deeper information about how velocities, distances and normal vectors change within this transformation. We find it convenient to give a hint to their origin by putting the GW multipole order and the order/type of the correction in the label, for example "(0 + 1)PP + SO" is the first Taylor correction of the "Newtonian" (PP) quadrupole moment where the coordinates are shifted by a 1PN SO term. According to Equation (95) and Equation (96) one can define the projected components of the ξ via
where the "cross" and "plus" polarisations read
Equation (111) shows total agreement with the transformation term in Equation (A2) of [59] . The next block of equations evaluates the scalar products of vectors and projectors containing the spins. First, we list those with the total spin S = S 1 + S 2 . For those terms with ∆ = S 1 − S 2 instead of S, simply replace (S → ∆) on the left hand side and (χ 1 + χ 2 ) → (χ 1 − χ 2 ) on the right. The used abbreviations are given by
The spin-independent projections and the ratio of the difference to the sum of the masses read
In the expression for the emitted gravitational wave amplitudes, Equation (97), R ′ is the rescaled distance from the observer to the binary system,
We note that it is very important that R ′ has got the same scaling as r in order to remove the physical dimensions. The common factor c −4 of h TT ij will be split in c −2 for the distance R ′ and c −2 for the ξ (...) , in order to make all terms dimensionless. Also note that the Equations (100)-(135) in our special coordinates are valid only when h is constant in time. In the non-aligned case, additional angular velocity contributions kick in and the expressions become rather impractical. From reference [6] , the reader can extract explicit higher-order spin corrections to the Newtonian quadrupolar field for the case of quasi-circular orbits.
Dynamical orbital variables as implicit functions of time
We are now in the position to compute the time domain gravitational wave polarisations with the help of our orbital elements, to be expressed in terms of conserved quantities and the mean anomaly, which is an implicit function of time. Using Equations (70), (71), (72) and (73) one can express the quantities r,ṙ, φ,φ (which are used in the radiation formulas) in terms of the eccentric anomaly u, other orbital elements and several formal 2PN accurate functions. The most compact quantity is r which is given by Equation (70), namely r(u) = a r (1 − e r cos u) 
The final expression for φ in terms of u is rather complicated. It is convenient to give a short expression and a description how to obtain it. From Equations (72) and (73) one can eliminate v to obtain φ(u) = φ 0 + Φ 2π 2 arctan 1 + e φ 1 − e φ tan u 2 + G 2v 2 1 − e 2 φ sin(u)(e φ − cos(u)) (e φ cos(u) − 1) 2 − G 3v
1 − e 2 φ sin(u) e 
Using the chain rule once more one gets an expression for the angular velocity viaφ(u) = (dφ/dv) (dv/du) (du/dt), symbolically, 
Again, P can easily be computed with the help of the already known definition n ≡ 2 π/P and Equation (76).
Conclusions
In this paper we presented a quasi-Keplerian parameterisation for compact binaries with spin and arbitrary mass ratio. We assumed that the spins are aligned or anti-aligned with the orbital angular momentum and restricted ourselves to the leading-order spin-spin and next-to-leading order spin-orbit, as well as to 2PN point particle contributions.
The conservation of alignment for all times holds if the alignment is assumed at the initial instant of time. It turned out that the effects of the spins do not destroy the polynomial structure of the integrals for both the angular and the radial variables, for which the standard routine is valid [23, 59, 65] and enabled us to give a fully analytic prescription for the orbital elements in terms of the binding energy, the mass ratio and the magnitudes of the angular momenta.
Furthermore we provided PN extended formulae for the radiation polarisations in analytic form derived from the results of [62, 59] due to the currently highest available order in spin. The missing SO part at 2PN will be given in a forthcoming publication.
An outstanding question is the stability of the spin configurations. If we assume that the spins have tiny differences in their directions, it is interesting to know if the enclosed angles will grow secularly or will oscillate in an unknown manner. This will be task of a further investigation, as well as the inclusion of additional higher order spin Hamiltonians.
Another task to be tackled is the radiation reaction. It is possible to include the conservative contributions of the spin to the orbital motion into the equations of the far-zone energy and angular momentum flux expressions. The goal is an equation of motion for the orbital elements to be obtained in an adiabatic approach.
